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Abstract

In this paper uniform approximation of bounded harmonic functions on an arbitrary open

set in Euclidean space by harmonic functions arising as solutions of the classical or generalized

Dirichlet problem is studied. In particular, an analogue of Sarason’s HN þ C theorem (known

from the theory of algebras of analytic functions) is established for harmonic functions.

r 2002 Elsevier Science (USA). All rights reserved.

1. Main results

In the present paper, we study uniform approximation of bounded harmonic

functions on an arbitrary open bounded subset U of the Euclidean space Rd ; dX2;
by means of harmonic functions arising as solutions of the classical or generalized
Dirichlet problem. As a consequence of our results we establish an analogue of
Sarason’s HN þ C theorem (known from the theory of algebras of analytic
functions, see, e.g. [5]) for harmonic functions.

As usual, let Cð %UÞ and Cð@UÞ be the Banach space of continuous real functions on

the closure %U and the boundary @U of U ; respectively. The closed subspace of Cð %UÞ
consisting of all functions hACð %UÞ which are harmonic on U is denoted by HðUÞ;
and HbðUÞ stands for the space of bounded harmonic functions on U : Given
fACð@UÞ; we write HU f for the Perron–Wiener–Brelot solution of the Dirichlet
problem on U for the boundary condition f :
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For every bounded function g on U ; we define functions gn; gn on %U by

gnðxÞ ¼ lim inf
yAU ;y-x

gðyÞ; gnðxÞ ¼ lim sup
yAU ;y-x

gðyÞ

so that

oscðgÞðxÞ :¼ gnðxÞ � gnðxÞ

is the oscillation of g at xA %U: We note that of course gn is l.s.c., gn is u.s.c., and

gnpgn whence oscðgÞ is a positive u.s.c. function.
Our first approximation result, which is of interest for non-regular domains only,

reads as follows:

Proposition 1. Let jACð@UÞ and f0ACð %UÞ such that f040 and oscðHUjÞof0 on @U :
Then there exists a function hAHðUÞ such that

jh � HUjjof0 on U : ð1Þ

This shows again that, for every jACð@UÞ; there exists a sequence ðhnÞ in HðUÞ
which converges locally uniformly to HUj on U ; a result already obtained in [3].

Given j and f0 such that oscðHUjÞof0; it is of course possible to choose ao1
such that oscðHUjÞoaf0 and consequently jh � HUjjoaf0 on U : However, it may
be impossible to replace f0 in (1) by some af0 with a constant ao1 which does not
depend on the choice of j; f0:

Proposition 2. There exists a bounded domain U in Rd ; dX3; having the following

property: For every 0oao1; there exists jACð@UÞ such that oscðHUjÞp1 and there

is no function hAHðUÞ satisfying

jh � HUjjoa on U :

The next result shows to what extent functions in HbðUÞ can be approximated by
functions in HðUÞ:

Theorem 3. Let gAHbðUÞ and h0AHðUÞ such that oscðgÞoh0 and let K be a compact

subset of U : Then there exists a function hAHðUÞ satisfying

jg � hjo3
2

h0 on U and jg � hjo1
2

h0 on K :

More precisely, for every fACð %UÞ such that 0pfph0 on %U and f ¼ h0 on @U ; there

exists a function hAHðUÞ satisfying

jg � hjo1
2

h0 þ f on U :

Using the set U constructed in the proof of Proposition 2 we are able to show that
such an approximation cannot be improved.

An application of Theorem 3 leads to the following representation of functions in

HbðUÞ þ Cð %UÞjU :
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Proposition 4. For every function FAHbðUÞ þ Cð %UÞjU ; there exist gAHbðUÞ and

fACð %UÞ such that F ¼ g þ f on U and sup jgjðUÞp4 sup jF jðUÞ:

Then it is easy to obtain the following Sarason’s-type theorem:

Corollary 5. HbðUÞ þ Cð %UÞjU is closed with respect to uniform convergence.

For the case of a regular set U ; this is proved in [4].

2. Proofs

Let us start with the following observation:

Lemma 6. Let gAHbðUÞ and f0ACð@UÞ such that oscðgÞpf0 on @U : Then there

exists jACð@UÞ such that jHUj� gjp1
2

HU f0:

Proof. Since gn � 1
2

f0pgn þ 1
2

f0 on @U and gn � 1
2

f0 (gn þ 1
2

f0 resp.) is u.s.c. on @U

(l.s.c. on @U resp.), there exists jACð@UÞ satisfying

gn � 1
2

f0pjpgn þ 1
2

f0 on @U :

By definition of solutions to the generalized Dirichlet problem

gpHUðjþ 1
2

f0Þ and HUðj� 1
2

f0Þpg:

By linearity of HU we conclude that jHUj� gjp1
2

HU f0: &

Obviously, Proposition 1 follows immediately taking g ¼ HUj and f1 ¼ 0 in the
following lemma.

Lemma 7. Let jACð@UÞ; gAHbðUÞ; and f0; f1ACð %UÞ such that

oscðgÞof0 on %U and g � 1
2

f1pHUjpg þ 1
2

f1 on U :

Then there exists hAHðUÞ such that

jg � hjof0 þ 1
2

f1 on U :

Proof. By Bliedtner and Hansen [1, VI.8.5], there exists a bounded sequence ðhnÞ in

HðUÞ such that, for every xA %U;

lim
n-N

hnðxÞ ¼ eUc

x ðjÞ:

Hence, for every yAU ;

lim
n-N

hnðyÞ ¼ HUjðyÞ:

Fix zA@U : Then there exists a sequence ðymÞ in U such that limm-N ym ¼ z and the

harmonic measures eUc

ym
converge vaguely to eUc

z as m tends to infinity (see [1, VI.2.6]).
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In particular,

lim
m-N

HUjðymÞ ¼ lim
m-N

eUc

ym
ðjÞ ¼ eU c

z ðjÞ ¼ lim
n-N

hnðzÞ

whence

gnðzÞ � 1
2

f1ðzÞp lim
m-N

HUjðymÞ ¼ lim
n-N

hnðzÞpgnðzÞ þ 1
2

f1ðzÞ:

So

gn � 1
2

f1p lim
n-N

hnpgn þ 1
2

f1 on %U:

By assumption, gn � gnof0: Define

v :¼ �g þ f0 þ 1
2

f1:

Then vn ¼ �gn þ f0 þ 1
2

f14� gn þ 1
2

f1 and therefore

vn þ lim
n-N

hn40 on %U: ð2Þ

The functions vn þ hn are l.s.c. and uniformly bounded. Given kAN; let

Fk :¼ convfhn : nAN; nXkg:

For the moment, fix kAN and let ma0 be a measure on %U: By Lebesgue’s dominated
convergence theorem, (2) implies that

lim
n-N

Z
ðvn þ hnÞ dm ¼

Z
vn þ lim

n-N

hn

� �
dm40:

Therefore there exists ukAFk such that
vn þ uk40 on %U ð3Þ

(see [2] or [1, I.1.9]). Obviously,

lim
k-N

uk ¼ lim
n-N

hn: ð4Þ

Next let
w :¼ g þ f0 þ 1

2
f1:

Then wn ¼ gn þ f0 þ 1
2

f14gn þ 1
2

f1 and therefore

wn � lim
k-N

uk ¼ wn � lim
n-N

hn40 on %U: ð5Þ

Arguing as before we obtain a (finite) convex combination h of the functions uk such
that

wn � h40 on %U:

Of course, (3) implies that
vn þ h40 on %U

as well. In particular, �vohow on U ; i.e.,

g � ðf0 þ 1
2

f1Þohog þ ðf0 þ 1
2

f1Þ on U : &
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Next we shall prove Proposition 2. Let

Q :¼	0; 1½�	 � 1; 1½d�2�	0; 2½; P :¼	0;N½�Rd�1;

S :¼ @P ¼ f0g � Rd�1:

Define e1 :¼ ð1; 0;y; 0Þ; ed :¼ ð0;y; 0; 1Þ and, for every nAN,f0g;
xn :¼ 2�ned ; Bn :¼ fxARd : jjx � xnjjo2�ðnþ2Þg:

Clearly the balls Bn; nX0; are disjoint. Because of the regularity of the half-balls
P-Bn; there exist an40 such that

zn :¼ xn þ ane1AP-Bn and eðP-BnÞc
zn

ððS-BnÞcÞo
1

4n
ðnANÞ: ð6Þ

Since line segments are polar, there exist strictly increasing continuous functions

sn : ½an; 1	-½0; 2�ðnþ2Þ	; nAN; such that snðanÞ ¼ 0 and the compact sets

Ln :¼ yARd : anpy1p1;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXd�1

i¼2
y2

i þ ðyd � 2�nÞ2
r

psnðy1Þ
( )

satisfy

eLn
zn
ðRdÞo 1

4n
: ð7Þ

By our construction, the sets Ln; nAN; are disjoint. Let T denote reflection at S; i.e.,

Tðy1; y2;y; ydÞ ¼ ð�y1; y2;y; ydÞ for y ¼ ðy1;y; ydÞARd ; and define

V :¼ Q\

[N
n¼1

Ln; U :¼ V,TðVÞ,B0; Z :¼
[N
n¼1

fzn;TðznÞg:

The set U is a simply connected domain such that all points zA@U\Z are regular.
From now on we fix nAN: We choose jACð@UÞ such that 0pjp1 on P-@U ;

j ¼ 1 on Bn-@Ln; the support of j is contained in Ln,TðLnÞ; and j3T ¼ �j: It is
immediately seen that 0pHUjp1 on P-U and

ðHUjÞ3T ¼ �HUj: ð8Þ
In particular, oscðHUjÞp1; since all points in S-@U are regular.

To prove that U has the desired property it therefore suffices to show that there is
no function hAHðUÞ such that

jh � HUjjp1 � 1

n
:

Suppose on the contrary that such a function h exists. Then h̃ :¼ 1
2
ðh � h3TÞAHðUÞ;

h̃3T ¼ �h̃; and, by (8),

h̃ � HUj ¼ 1
2
ðh � HUjÞ � 1

2
ðh � HUjÞ3T

whence jh̃ � HUjjp1 � 1=n as well. So we may assume that h3T ¼ �h: In

particular, h ¼ 0 on S- %U and of course jhjpjHUjj þ 1p2: Therefore

jhðznÞj ¼ jeUc

zn
ðhÞjp2eUc

zn
ððS-BnÞcÞ:
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Let Vn :¼ ðP-BnÞ\Ln: By Bliedtner and Hansen [1, Proposition VI.9.4],

eUc

zn
ðS-BnÞXeV c

n
zn ðS-BnÞ: Therefore

eUc

zn
ððS-BnÞcÞpeV c

n
zn
ððS-BnÞcÞpeðP-BnÞc

zn
ððS-BnÞcÞ þ eLn

zn
ððS-BnÞcÞo

1

2n
;

where the last inequality follows from (6) and (7) (for the second inequality see
[1, Proposition VI.9.3]). Thus jhðznÞjo1=n:

On the other hand, lim supx-zn
HUjðxÞ ¼ 1: Indeed, there is a sequence ðymÞ of

regular points in @U converging to zn; and taking xmAU such that jjxm � ymjjo1=m

and jHUjðxmÞ � jðymÞjo1=m we have limm-N xm ¼ zn and limm-N HUjðxmÞ ¼
limm-N jðymÞ ¼ 1: Since hðznÞ ¼ limxAU ;x-zn

hðxÞ; we finally conclude that

lim sup
xAU ;x-zn

jh � HUjjðxÞ41 � 1

n
:

This finishes the proof of Proposition 2.
We shall now combine Lemmas 6 and 7 for a proof of Theorem 3. So fix

gAHbðUÞ; h0AHðUÞ and fACð %UÞ such that oscðgÞoh0; 0pfph0 and f ¼ h0 on
@U : There exists e40 such that oscðgÞoð1 � 2eÞh0: By Lemma 6, there exists
jACð@UÞ such that

jHUj� gjp1 � 2e
2

HU h0 ¼
1 � 2e

2
h0 on U :

Taking f1 :¼ ð1 � 2eÞh0 and f0 :¼ f þ eh0 we have jHUj� gjp1
2

f1 on U and

oscðgÞof0 on %U (recall that oscðgÞ ¼ 0 on U). So by Lemma 7, there exists
hAHðUÞ such that

jg � hjof0 þ 1
2

f1 ¼ 1
2

h0 þ f on U

finishing the proof.
To show that the result is sharp let us look once more at the set U constructed in

Proposition 2. Fix nAN: Using the same notation as before we define a function g on
U by

gðxÞ :¼
HV ð32 jþ 1

2 1S-Bn
ÞðxÞ; xAV ;

�HV ð32 jþ 1
2
1S-Bn

ÞðTxÞ; xATðVÞ;
0; xAS-B0:

8><
>:

Then jgjp3=2; g3T ¼ �g; gAHbðUÞ; and oscðgÞðzÞ ¼ 0 for all points

zA@U\ðZ,ðS- %BnÞÞ:
We next show that oscðgÞo1 þ 1=ð4nÞ: Indeed, obviously oscðgÞ ¼ 1 on S- %Bn:

Furthermore, by definition of g and the minimum principle, we obtain that, for every
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xAVn ¼ ðP-BnÞ\Ln;

1
2
pgðxÞ þ eðP-BnÞc

x ððS-BnÞcÞ;

where

lim
xAU ;x-zn

eðP-BnÞc
x ððS-BnÞcÞ ¼ eðP-BnÞc

zn
ððS-BnÞcÞo

1

4n
:

Therefore lim infx-zn
gðxÞ41=2 � 1=ð4nÞ: Since 0pgp3=2 on V ; we conclude that

oscðgÞðznÞo1 þ 1

4n
:

By symmetry, oscðgÞðTznÞo1 þ 1=ð4nÞ as well. Finally, consider mAN; man: By
minimum principle, for every xAðP-BmÞ\Lm;

0pgðxÞp3
2
eðP-BmÞc

x ððS-BmÞcÞ;

where

lim
xAU ;x-zm

eðP-BmÞc
x ððS-BmÞcÞ ¼ eðP-BmÞc

zm
ððS-BmÞcÞo

1

4m
p

1

4
:

So oscðgÞðTzmÞ ¼ oscðgÞðzmÞo3=8: Thus

oscðgÞo1 þ 1

4n
:

Take f :¼ h0 :¼ 1 þ 1=ð4nÞ: To prove the sharpness of our result it suffices to show
that there is no function hAHðUÞ such that

jg � hjp3

2
1 � 1

n

� �
on U :

Indeed, suppose that we have such a function h: As in the proof of Proposition 2 we

may assume that h3T ¼ �h; h ¼ 0 on S- %U so that now jhjp3=2 þ 3=2 ¼ 3;
jhðznÞjo3=ð2nÞ: Moreover,

lim sup
x-zn

gðxÞX3

2
lim sup

x-zn

HUjðxÞ ¼
3

2
:

Consequently,

lim sup
xAU ;x-zn

jg � hjðxÞ43

2
� 3

2n
¼ 3

2
1 � 1

n

� �

proving our claim.
Instead of Proposition 4 which would be sufficient to prove Corollary 5 we present

a more precise version:

Proposition 8. Let gAHbðUÞ; fACð %UÞ; and h0AHðUÞ strictly positive such that jg þ
f jph0 on U : Then, for every d40; there exist *gAHbðUÞ; f̃ACð %UÞ such that *g þ f̃ ¼
g þ f and j *gjoð3 þ dÞh0:
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Proof. Since fACð %UÞ and

�f � h0pgp� f þ h0 on U ;

we have

�f � h0pgnpgnp� f þ h0 on %U;

i.e.,

oscðgÞ ¼ gn � gnp2h0oð2 þ 2
3
dÞh0:

By Theorem 3, there exists hAHðUÞ such that

jg � hjo3
2

2 þ 2
3
d

� �
h0 ¼ ð3 þ dÞh0: &

Proof of Corollary 5. Let gnAHbðUÞ; fnACð %UÞjU such that the sequence ðgn þ fnÞ
converges uniformly. In order to show that the limit belongs to HbðUÞ þ Cð %UÞjU we

may assume that g1 þ f1 ¼ 0 and that (taking a subsequence)

jðgnþ1 þ fnþ1Þ � ðgn þ fnÞjo2�n:

Fix h0AHðUÞ such that h0X1: By Proposition 8, there exist *gnAHbðUÞ and

f̃nACð %UÞjU such that

*gn þ f̃n ¼ ðgnþ1 � gnÞ þ ðfnþ1 � fnÞ and j *gnjo4 � 2�nh0

for every nAN: Then of course jf̃njpj *gn þ f̃nj þ j *gnjp5 � 2�nh0: Define

g :¼
XN
n¼1

*gn; f :¼
XN
n¼1

f̃n:

Then gAHbðUÞ; fACð %UÞjU and

lim
n-N

ðgn þ fnÞ ¼
XN
m¼1

ð *gm þ f̃mÞ ¼ g þ f : &
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